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Abstract We present a scheme for remotely preparing a general two-particle entangled state
via two tripartite W entangled states of different amplitudes. In this scheme one sender
and two remote receivers are involved. The sender can help either one of the receivers to
remotely reconstruct the original state with the aid of the other receiver’s two single-particle
orthogonal measurements. It is shown that by means of the method of the positive operator-
valued measurement, our remote state preparation scheme can be achieved probabilistically.
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Entanglement, a new class of correlations between quantum systems making quantum infor-
mation different from classical information in nature, is a fundamental conception in quan-
tum mechanics and quantum information theory. It has provided a new physical resource for
quantum information processing such as quantum teleportation [1], quantum cryptography
[2], remote state preparation [3—8], quantum computation [9] and so on. As to tripartite quan-
tum pure states, there are only two nonequivalent classes, the Greenberger—Horne—Zeilinger
(GHZ) class and the W class [10, 11], under stochastic local operation and classical com-
munication. Although the properties of the tripartite entangled states have not been fully
understood, the tripartite GHZ state and W state have been applied in many aspects of quan-
tum information [12-15], including remote state preparation (RSP) which is regarded as an
interesting direction of quantum information. RSP has prospered since its inception [3-5],
and is still in rapid development. It is also called “teleportation for a known state”, for its task
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is the same as that of quantum teleportation. Compared with teleportation [1], RSP exhibits
the stronger trade-off between the required entanglement and the classical communication
cost [5, 6] due to the sender’s prior knowledge of the original state in the process of quantum
communication.

Owing to its distinct feature, RSP has attracted extensive attention and various schemes
for RSP have been reported in succession [4, 16-20]. As we know, most of the previous
schemes for RSP discuss the quantum state which is transmitted from one sender to one
receiver [4, 18, 19], and few of them apply the method of the positive operator-valued mea-
surement (POVM) to remotely prepare a two-particle entangled state. In recent years the W
states have been investigated at all points, which gradually make the features of such states
clear. Note that the W states are not only useful for quantum information processing, but
also important for the test of quantum nonlocality without inequality [21]. Moreover, many
schemes have been presented for the generation of the W states in the systems of cavity
quantum electrodynamics [22-24]. Using two tripartite W entangled states of different am-
plitudes as the quantum channel, in this paper we attempt to propose a scheme to remotely
prepare a two-particle entangled state from the sender to either one of two receivers based on
the POVM operator on an auxiliary particle. During the whole process, the classical com-
munication cost in our scheme is less than that required in the corresponding scheme for
teleportation [25] and the total success probability unequal for each receiver could approach
to 1.0 under given conditions.

To begin with, the sender Alice has precise knowledge of a two-particle entangled state
which is given by

|@) = «|00) + B11), ey

where the parameter « is a real number, the parameter 8 is a complex number and they
satisfy |a|? 4 |B8]?> = 1. Suppose that Alice would like to remotely prepare the state |®) in
the location of either one of the two receivers Bob and Carol who do not have any knowledge
of it at all, and that Alice, Bob and Carol initially share two tripartite entangled W states of
different amplitudes, which can be expressed as

[¥)1,.2,3 =a|l00); 23+ b]010); 23+ ¢|001) 23,
2)
[¥)4s5,6 =rl100)456+5]010)456 + £1001)456,

where |a|? 4+ |b|?> +|c|> = 1, |r|> +|s|?+|f|> = 1, and particles 1, 4 belong to Alice, particles
2, 5 belong to Bob, and particles 3, 6 belong to Carol. Without loss of generality, we assume
that the real parameters satisfy a > b > ¢ >0, r > s >t > 0. Therefore, the state of the
whole system composed of the six particles can be written as

¥ )whole = 1¥)1,2,3 @ [¥)4,5,6. 3)

To help either one of the receivers reestablish the original state |®), Alice carries out a two-
particle projective measurement on her particles 1 and 4 in a set of complete orthonormal
bases of four-dimensional Hilbert space,

[Y) 14 =al00); 4 + BI11)1 4,

[¥1)1.4 = B7100)1 4 — al11) 4,
4
|@)1.4 = |01)1 4 + B[10) 4,

|p1)1.a=B"101)14 —[10)1 4.
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After Alice’s two-particle joint measurement, there will be the following four possible re-
sults

14 {Y ¥ dwhole = (bs]1010)2,3 5.6 + br|1001)23 56 + ¢5|0110)23 56 + c|0101)2,3 5,6)
+ B*ar|0000)2 3 5.6,
L4 (YL ¥ ) whote = B(bs]1010)23 5.6 + b1[1001)25356 + ¢5]0110)23 5.6 + c£{0101)2.35.6)
—aar|0000)2 35,6,
1.4(@1¥ hwnote = @ (br[1000)23 5.6 +¢70100)2 3 5.6) + B (as]0010)2 3 5 6 +at|0001)2 3 5 6),
14 LI )whote = B(Dr[1000)2.3 5.6 + ¢r[0100)2,3 5.6) — ¢ (as]0010)2,3 5.6 + az[0001)2 35 6),

where the normalization factors are discarded.
If the result Alice gets is |1 ) 4, then the remaining particles will collapse into the state

[¥)23,56 = B(bs|1010)2356 + bt[1001)23 56 + cs]0110)2,3 56 + ct[0101)2356)
— aar|0000)2‘3,5,6. (6)

Provided that Alice intends to reconstruct the original state in Bob’s location, she sends the
measurement result to Bob through a classical channel. In this instance, Carol is asked to
perform two single-particle projective measurements on particles 3 and 6 on the basis of
{10y, [1)}, respectively, we then have

[¥)2356 = (Bbs|11)y 5 —aar|00);5)|00)3 6
+ Bbt[1001)2356 + Bes|0110)2,35.6 + Bct|0101)2 3 5.6, @)

which is unnormalized. Obviously, it is possible for the RSP process to be successful only if
Carol gets the result |00)3 ¢, otherwise the RSP scheme will fail. After Carol’s measurement
result is transmitted to Bob through the classical channel, he introduces an auxiliary two-
state particle F which is initially in the state |0) », and implements a controlled-not operation
(CNOT) with particle 2 (or particle 5) as the control bit and particle F as the target bit. Then
the state combined by particles 2, 5 and F will become

CNOT
> (Bbs|11)2 5 — aar|00)2,5)|0)r —
B D252 + a2a?r?
1
W25 F = BT atan? (Bbs|111)2 5 F — aar|000)y,5 F)
[a2r 7 ¥ b2s2
=— [(@]00)2,5 + BI11)2,5)(x1|0) F — y1I1) F)
2 /1B + a2arr?

+ (@]00)2,5 — BI11)2,5)(x110) r + 1|1} )], ®)
where x; = \/ﬁm and y; = ﬁ (x1 = y1). To achieve the RSP scheme, we

need to discriminate between the two nonorthogonal quantum states x;|0)r — y;|1)F and
x1]10)F + y1|1) . According to Ref. [26], such two nonorthogonal states can be identified
by an optimal positive operator valued measurement (POVM) on the auxiliary particle F,
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which is described as

1 2 1 2 }’12
A1:_<y1 X1Y1> A2:—< i —x1y1> A= 1—2 0}
22 \xiy1 xf )’ 22 \—xiy1 xf )’ 0 0

©))
If the result of his measurement is A;, Bob can conclude that the state of particles 2 and
5 must be «|00),5 — B|11), 5 which can be transformed into the original state |@) with
a unitary transformation &, on particle 2 (or particle 5). If the measurement outcome A,
occurs, then the state Bob obtains will be the state to be transmitted remotely. It is easy to
verify that no matter whether the result is A; or A,, the success probability to obtain the
desired result is (2y?). In this case, the probability of successful remote state preparation for
the receiver Bob is

136000014 (WL 1 hwhote|* - (1 =250 (W1 ® Is © A3|W)a 5 r) = (bs)?, (10)

where I denotes an identity operator. Similarly, the state shown in (1) can also be reestab-
lished at Carol’s side. At this stage, Alice’s measurement result should be transferred to
Carol, and Bob needs to send his measurement result to Carol after he performs two single-
particle projective measurements on his two particles 2 and 5, respectively. By performing
similar operations as Bob does above, Carol can reconstruct the initial state |@) with the
success probability (ct)?. By analogical deduction, when the outcome of Alice’s measure-
ment is |¢, )14, the RSP scheme can be realized in either location of the two receivers and
the corresponding success probability would be (bs)? at Bob’s side or (ct)? at Carol’s side.

Gathering Alice’s two measurement results |1/ ); 4 and |¢, ) 4 together, we find that the
two-particle entangled state |@) can be restored at either one of the receivers’ sides with
a different success probability. To be exact, the success probability is 2(bs)? if the original
state is reproduced in Bob’s location while the success probability is 2(ct)? if the initial state

is reestablished at Carol’s side. Only if a =b =c = %, r=s=t=-L, e, the quantum

73
channel is composed of two W states of same amplitudes
W) = ! (1100) + |010) + |001)) (11)
=7 ,

each receiver has the same success probability which is %

Besides, we should emphasize that according to the (5), if the measurement result Alice
obtains is [); 4 or |¢);.4, the RSP scheme will fail because neither of the two receivers
has knowledge of the parameters of the state |@), and they cannot convert the states of
their particles into the original state |@) due to the involvement of an antiunitary operation
[4]. Yet, there could be some exceptions. When the original state is one of some specially
chosen bipartite entangled states in which the parameters «, B are all real or when it is in
the form of |@) = LZ(IOO) + €'“|11)), remote preparation of these two-particle entangled
states can be probabilistically realized at the side of either one of the two receivers even
if the outcome of Alice’s measurement is |¢); 4 or |); 4. For example, we consider the
case that the parameters o, § of the original state |@) are all real and the result of the
joint measurement performing on Alice’s particles is |¢); 4, at this moment the remaining

particles will be projected to the state

[¥)2,3,56 =0a(br|1000), 356 +cr|0100)2 3 56) + B(as|0010)23 56 +at|0001)2356). (12)
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Next we assume that the original state will be reconstructed at Bob’s side. After Carol can
assure him of the fact that particles 3 and 6 are in the state |00)3 ¢ through two separately
single-particle projective measurements, Bob introduces an auxiliary qubit |0)z. Now he
carries out a CNOT unitary operation between particles 2 and F with the particle 2 being
the controller and the particle F as the target, then we have

1 CNOT
—

W(abrllo)zs + Bas|01)25)[0)
1
V22 + f2a2s?

Vb2 +a2s?
= Zm[(aﬂo)z,s + Bl01)25) (x2|1) £ + ¥210) )

+ (@[10)2,5 — Bl01)25) (x211) F — ¥210) £)], (13)

(abr|101), 5 r + Bas|010), 5 r)

where x, = ——2— and y, = ——%——. To realize the remote preparation of the state
[a2524p2,2 o252 4p2,2

|@) at Bob’s side, it is necessary to distinguish the state x;|1)r + y,|0) from the state
x2]1)F — ¥2|0) p by virtue of the following POVM operation on particle F',

" x3 x2)2 " x5 B
=2\ o) Bl o )
o 32 T on V2
2 2
, (14)
W
5 11— g 0
3= 0 ERE
T~z
72

where the coefficient 2 = %. Generally, this kind of generalized measurement given
in the above equation is different from the optimal POVM described by (9) since its con-
clusive probability of the measurement on the auxiliary particle does not attain maximum.
But based on the result of the POVM on the particle F, Bob can also infer the state of the
particles 2 and 5. As a result, he can reestablish the original state |@) with success proba-
bility (bs)? by preforming a o, operator on particle 2 and an identity transformation I on
particle 5 if the particles 2 and 5 are in the state «[10), 5 + 8|01), 5, or by preforming a i 5,
unitary operation on particle 2 if the particles 2 and 5 are in the state «|10), 5 — B8|01)25.
With the similar method, when the outcome of Alice’s projective measurement is |1); 4, re-
mote preparation of some special ensembles of two-particle entangled states can be realized
at Bob’s side with success probability (bs)?. Therefore, together with the four results of Al-
ice’s measurement on particles 1 and 4 obtained above, some specially bipartite entangled
states can be reproduced in Bob’s location with the total success probability 4(bs)?, which
is equal to % if the quantum channel consists of two W states given by (11). We notice that
the total success probability will approach to 1.0 when the parameters satisfy a ~ b ~ %
s
via two EPR states discussed in [20]. By similar analyses, we deduce that these specially
chosen initial states to be prepared remotely can also be reestablished at Carol’s side with
the total success probability 4(ct)?.

In summary, we have presented a scheme for the remote preparation of a general two-
particle entangled state from the sender Alice to either one of the two receivers Bob and

crQandrrs~ t ~ 0. In fact, this case is equivalent to the case of the RSP scheme
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Carol via two tripartite W entangled states of different amplitudes. It is shown that no
matter whether the original state is needed to reestablish at Bob’s side or at Carol’s side,
a POVM operation is introduced to distinguish between two nonorthogonal quantum states.
We have found that the total success probability of RSP, the maximum of which can ap-
proach to 1, is dependent on the parameters of the channel described by (1), and is different
for each receiver unless the quantum channel consists of two W states. Furthermore, four
bits of classical communication, which are less than those needed in the corresponding tele-
portation scheme [25], are enough to achieve our RSP scheme. Unlike the previous schemes
discussing the RSP only from one sender to one receiver [4, 18, 19], in principle the orig-
inal state to be prepared remotely in our scheme can be reconstructed at either side of the
two receivers who are distantly separated from each other. Besides, the present scheme can
be directly generalized to remotely prepare a general two-particle entangled state from a
sender to any one of N receivers by using two (N 4 1)-particle partially entangled W states.
Since the three-photon polarization entangled W states [27] and the POVM operation [28-
30] have been observed experimentally in optical systems, our proposed scheme might be
realizable with current techniques.
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